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This paper calculates the two-dimensional flow of a two-component 
eotd nondissipative plasma. The condition is found for which a non- 
dissipative plasma can escape from a magnetic field. 
A distinction must be made between those plasma aecelarators 
which operate at high densities n ~ i0~cm'S and those which oper- 
ate at low densities (n ~ t014 era's). 
In the first case the acceleration of ions may occur not only as a 
result of internal electric fields, but also as a result of the collision 
of ions with each other (ordinary thermal acceleration) or the colli- 
sion of ions with electrons moving as a result of the Hall* effect along 
the accelerator channel. 
In the second case the only mechanism capable of accelerating 
the ions is the internal longitudinal electric field [1, 2]. This treat- 
merit excludes those systems [31 in which the ions are accelerated 
as a resulz of kinetic instabilities. 
The present paper treats the acceleratiun of a low-density plasma. 
A box-type accelerator has been chosen by way of example, since in 
this case the peculiarities of low-density accelerating systems are par- 
tieularly marked. 
Three conditions must be fulfilled in order to create a box-type 
accelerator operating at low densities. 
Firstly, we must make use of segmented electrodes, since other- 
wise it is impossible to create in the space inside the accelerator elec- 
tric fields of the type (2.11) necessary for accelerating the plasma. 
For continuous electrodes the structure of the electric field in the 
space inside the accelerator results from the superposition and inter- 
action of exceedirtgiy complex processes at the boundaries and in the 
vicinity of the electrodes. 
Secondly, if  the system under consideration is intended to produce 
high velocities, then it is necessary to create conditions under whieh 
there is no interaction of the fast particle flux with the walls. In other 
words, the current in the system must be controlled electromagneti- 
eally and not by means of the walls, which is the case in ordinary 
gasdynamic nozzles. 
It should be noted that in high-velocity plasma aecelerators which 
produce ions with energies 3100,  it is essential to eliminate the in- 
teraction of the current with the walls at higher densities also. 
Thirdly and lastly, conditions must be created which ensure the 
escape of the plasma from the magnetic fieId. 
It was shown in [4] that the magnetic field is in fact "frozen" 
into the electronic component of the plasma, and so a necessary con- 
dition for a compensating current to escape from the magnetic field 
is that the exchange parameter** 

the flow is of necessity given a particular geometry. These assump- 
t.ions are, of course, very far removed from reality, at least as far as 
the production of high-velocity flows is concerned. 

1. I n i t i a l  e q u a t i o n s .  I f  p r e c a u t i o n s  a r e  t a k e n  so 

t h a t  t h e  p l a s m a  f lux  i s  k e p t  a w a y  f r o m  t h e  w a l l s  and  

i f  i t s  d e n s i t y  i s  n o t  v e r y  l a r g e ,  t h e n  d i s s i p a t i v e  p r o -  
c e s s e s  m a y  b e  n e g l e c t e d .  I f ,  i n  a d d i t i o n  to t h i s ,  t h e  

f low of  i o n s  m a y  b e  t a k e n  to b e  s u b s t a n t i a l l y  s u p e r -  
s o n i c ,  t h e n  t h e  s t e a d y - s t a t e  ion  m o t i o n  w i l l  b e  d e -  

s c r i b e d  b y  t he  e q u a t i o n s  

dv~ = e ( E  + t v i x  H) .  ' (1 .1 )  div nvl  = 0, m ~F 

H e r e  v i i s  t h e  i on  v e l o c i t y ,  E, H a r e  t h e  e l e c t r i c  

and  m a g n e t i c  f i e ld  s t r e n g t h s ,  e, m a r e  t he  c h a r g e  

a n d  m a s s  of  a n  ion ,  n i s  t h e  i o n  c o n c e n t r a t i o n ,  w h i c h  

i s  t a k e n  to  b e  e q u a l  to  t h e  e l e c t r o n  c o n c e n t r a t i o n .  We 
a s s u m e  a l m o s t  c o m p l e t e  i o n i z a t i o n  and  n e g l e c t  t h e  

p r e s e n c e  of  n e u t r a l s .  

F i g .  1 

S i m i l a r l y ,  i f  t h e  e l e c t r o n  t e m p e r a t u r e ,  m e a s u r e d  

in  eV i s  s m a l l  in  c o m p a r i s o n  w i t h  t h e  p o t e n t i a l  d i f f e r -  

e n c e  a p p l i e d  to t h e  a c c e l e r a t o r ,  t h e n  a p a r t  f r o m  t h e  
l a y e r s  c l o s e  to  t he  e l e c t r o d e s  we  m a y  t a k e  t he  f o l l o w -  

i n g  s y s t e m  of  e q u a t i o n s  a s  a good a p p r o x i m a t i o n  f o r  
t h e  e l e c t r o n  c o m p o n e n t  

t 
div nv6 = 0 ,  :E -k ~ - v e x  H = 0. ( 1 .2 )  

should be large. 
The present paper develops the theory of the supersonic part of a 
box-type accelerator. It should be noted that many papers [5-8] have 
been devoted to the theory of the box-type accelerator, These, how- 
ever, were written on the assumption either that the medium is in- 
compressible or for the quasi-one-dimensional approximation in which 

T h e  Ha l l  e f f e c t  i s  a l l o w e d  f o r  in  t he  s e c o n d  e q u a -  

t i o n  (1 .2 ) ,  w h e r e  v e a p p e a r s  i n s t e a d  of  v i .  I t  f o l l o w s  
f r o m  t h e  s e c o n d  e q u a t i o n  (1 .2 ) ,  f i r s t l y ,  t h a t  t h e  l i n e s  

of  f o r c e  7 of  t h e  m a g n e t i c  f i e ld  a r e  e q u i p o t e n t i a l s  of  

t h e  e l e c t r i c  f i e ld  

cp = tp (1,) ( 1 . 3 )  

*tn is natural to call this method of acceleration ohmic, since it is 
due to the ohmic resistance of the plasma. 
**In accordance with [4] the exchange parameter is understood to be 

the ratio of the discharge current I s to the ion current I i escaping from 
the accelerator ~ = / 0  / 1 i, I i = eq/m, where q is the mass flow rate 
of working medium. 

and,  s e c o n d l y ,  t h a t  t h e  e l e c t r o n  d r i f t  t a k e s  p l a c e  o v e r  
t he  e q u i p o t e n t i a l  s u r f a c e s  (F ig .  1). T h e  p r o b l e m  i s  to  

c a l c u l a t e  t h e  m o t i o n  o f  i o n s  and  e l e c t r o n s  d e s c r i b e d  

b y  E q s .  ( 1 .1 )  and  (1 .2 )  u n d e r  t h e  c o n d i t i o n s  of  a b o x -  
t y p e  a c c e l e r a t o r .  

In  t h e  b o x - t y p e  a c c e l e r a t o r  ( F i g .  2) t h e  m a g n e t i c  

f i e ld  m a y  b e  t a k e n  to be  g i v e n ,  i . e . ,  we  m a y  n e g l e c t  
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t h e  se l f  magnet ic  field of c u r r e n t s  flowing in the p l a s -  
ma.  If we confine ou r se lve s  to the case  of fiat m a g -  
net ic  fields,  when all  t he  l ines  of force  lie in the 
p lanes  y = const ,  then they may  be descr ibed  by one 
component  of the vec to r  potent ia l  

Here  H0(x ) iS the field s t rength  in the plane of sym-  
m e t r y  z = 0. 

In the p a r t i c u l a r  ease  when the magnet ic  field H 0 
d e c r e a s e s  l i nea r ly ,  

H0 = Hoo (t - -  x / L ) ,  (1.5) 

the component  Ay is  equal to 

Ay = --1/~HooL % ~ ( t - - x / L )  2 - z  ~ /L  ~.(1.6) 

The equation of the l ines  of force has the form [9] 

~p = const, g = const. 

Consequent ly,  in this  case  Eq. (1.3) may be wr i t t en  
in the form 

= ~  (% y). 0 . 7 )  

For  a given magnet ic  field the function r y, 0) 
may be a r b i t r a r y .  However, it will  be c l e a r  in what 
follows that it i s  convenient  to specify the function 
~(x, 0, 0), s ince f o r z = 0 w e m u s t  choose ~ t o b e a  
function of y such that the p l a sma  flow is of the type 
requ i red .  

In o rde r  to solve the fa i r ly  complex sys tem (1.1), 
(1.2), (1.7), we have r e c o u r s e  to the approx imat ion  
of ion-opt ics ,  i . e . ,  we specify one "bas ic"  t r a j e c t o r y  
with a known law of va r i a t ion  of ion ve loc i ty  along it  
and seek all quantities in the form of series of powers 

of the departure from the basic trajectory. This is 

valid since the transverse dimensions of the box-type 

accelerator are small compared with its length. We 

take the x axis as the basic trajectory. Then the quan- 
tities may be expanded as follows: 

v~ = v~ (x) 

u~ = ul  (x) 

Ug = U 2 ( Z )  

12 z 

n = nl  (:0 

(V ----- Vi ,  H ~ Ve) 

+ y v ~  (x) + z v ~  (z) + . . . 
+ y u ~  (z) + zu~(x)  + . . .  

y v ~  (x) + zv~3 (x) + . . . 
+ y u ~  (x) + zu..~ (z)  + . . .  

y v ~  (z) + z v ~  (x) + . . . .  
y u ~  (z) + z u ~  (z)  + . . .  

+ yn~ (x) + zn~ (x) + . . .  O. s) 

Simi l a r l y ,  we expand re la t ion  (1.7) in powers  of y: 

q) == CPo (~)) "~ Y(Pl (~) -~ 1/2Y2T~ (~) -~- . . . .  ( 1 . 9 )  

Setting expans ion  (1.8), (1.9) in Eqs. (1.1), (1.2), 
we obtain a sys tem of equat ions for the coeff icients  of 

the expansion.  

It t u rns  o u t  that in addi t ion  to ve ry  compl ica ted  
solut ions,  this  sys tem has  the following s imple  so lu-  
t ion with an accu racy  to t e r m s  of the f i r s t  o r d e r  of 
s m a l l n e s s  inc lus ive :  

~ =:~,  + u , ~  u0 (x) + 0 + . . .  , 

u:~ = vl + g 7~-c llo (x) + 0 + . . . .  

v , - - O + O + O + : . . ,  

C O(pO (~/OVl)" 
UU=Hoaz l :=o - -  g + 0 +  . 

v~ = O + O + zv3~ + . . . , 

u~ - -  0 + 0 + zv~3 + . . . .  ( 1 . 1 0 )  

m vl 2 who (z) 
e 2 -1- %/~=0 -~ %0 = const, % ]~=0 -- r ' 

0 
n3 : O, ~ n~vi + nlv33 = O, n2u2 + nlu22 = 0 . 

The quant i ty  va3 is de t e rmined  by a. R icea t i - type  
equat ion 

lz ' d% [ 
m___e (vlvx~ + v3~2) . . . .  o --d~ t:=0 " (1.11) 

The p a r t i c u l a r  solut ion which has been found is of 
i n t e r e s t  because  it d e sc r i be s  a p l a sma  flow such that 
the ion veloci ty  has only the longi tudinal  components  
vx, Vz and the c u r r e n t  dens i ty  j = en(v - u) has only 
one component  jy. 

Fig.  2 

2. Inves t iga t ion  of the:solut ion ( 1 . 1 0 ) .  Our a t t en-  
t ion is f i r s t  of all  d rawn t ~ the fact [see (1.10)] that 
the p lasma flux is b roadened  along the z axis .  This  
effect is due to the convexity of the magnet ic  l ines  of 
force.  In o n e - d i m e n s i o n a l  theor ies ,  however,  it was 
not allowed for and was fo rma l ly  " suppressed , "  for 
example  by walls  z = cons t  confining the flow with r e -  
spect  to z. Such a form of " suppres s ion"  can be a s -  
sumed only for the acce l e r a t i on  of a dense p l a sma  to 
ve loc i t ies  which a re  not ve ry  high and is inappl icable  
to the acce l e ra t i on  of a r a r e f i ed  p l a sma  to high ve loc -  
i t ies .  It is  a s imple  m a t t e r  to ca lcula te  the spread of 
the flux in the case when the magnet ic  field v a r i e s  
l i n e a r l y  accord ing  to (1.5), and the potent ial  ~0(r is  

a l i n e a r  funct ion of $: 

- -  X )2 
~ 0 = % 0 %  % ! z = 0 - % 0 ( 1  ~ . (2.1) 

Then o n t h e  bas i s  of (1'. 10) the va r i a t i on  of ve loc-  
i ty v t along the x axis is  given by the formula  

9 6 x12 (~e%~ ~y~--~',~]/t--(l--x/L) ~', m a x v ~ v ~  m / . (2 .2)  
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Set t ing (2.1) and (2.2) in (1.11),  we find the ex -  
p r e s s i o n  fo r  Vz 

vz = z v.~ exp (2 arc cos ~ ) "  i 
L exp (2 arccos ~) + t '  

x 
~=_I - - -L- ,  (2.3)  

and at  the s a m e  t i m e  with  the  he lp  of  the equat ion 

d~ / d x  = vz / v l ,  (2.4) 

we d e t e r m i n e  the b o u n d a r y  of  the b e a m  in the xz p lane  : 

z~ = zo ch (arc cos ~). ( 2 . 5 )  

Here  z 0 is  the  b e a m  width at  the  e n t r a n c e  to the 
a c c e l e r a t o r  channel .  The  b e a m  width at  the exit ,  i . e . ,  
fo r  x = L (~ = 0) i s  equal  to 

(Zs)max ~--- Z 0 c a  1/2;~ ~ 2.63z0. (2.6) 

Knowing how the b e a m  b roadens ,  we m a y  find the 
v a r i a t i o n  of  dens i t y  in the y = 0 p lane .  I t  fol lows f r o m  
the so lu t ion  (1.10) fo r  v z that  

Thus 

n l v l z 8  = const.  (2.7) 

c o n s t  
R 1 ---~ 

z0 [ ch  ( a r c c o s  ~)l v m  V i ~ "  (2.8) 

The l a s t  equat ion of (1.10) shows tha t  the  p l a s m a  
dens i ty  depends  on y. In p a r t i c u l a r ,  i f  the f ie ld  d e -  
c r e a s e d  l i n e a r l y  

I eHoo ( t - - 2 ~  =) 
n = n~ t + y ~ ;  (t - ;=)'/,J" (2.9) 

It was  noted above that  the  so lu t ion  obta ined  d e -  
s c r i b e s  a p l a s m a  flow which h a s  oa ly  one y c o m p o -  
nent  of c u r r e n t .  Th i s  c u r r e n t  is  due to the d r i f t  of 
e l e c t r o n s  in the y d i r e c t i o n  unde r  the  ac t ion  of  the 
longi tud ina l  e l e c t r i c  f ie ld  E x.  The fact  that  the  d r i f t  
v e l o c i t y  Uy i s  a funct ion of  y (1.10) l e a d s  to a v a r i -  
a t ion of  the p l a s m a  dens i t y  in the d i r e c t i o n  of  the y 
ax i s  [ see  (2.9)] .  

If we t ake  into account  tha t  ni ' :-~:~ f o r x  --* 0, then 
j -* ~ at  the  e n t r a n c e .  �9 

The  e l e c t r i c  po ten t i a l  in the  c ha nne l  i s  d e s c r i b e d  
by  the e x p r e s s i o n  

(p ---- % (x, 0) - -  ~ yvzHo  (x)  + . . . .  (2.11) 

The f i r s t  t e r m  of th is  e x p r e s s i o n  d e s c r i b e s  the 
longi tud ina l  e l e c t r i c  f ie ld which a c c e l e r a t e s  the  ions .  
The second  t e r m  d e s c r i b e s  the t r a n s v e r s e  f ie ld which 
b a l a n c e s  the  Loren tz  f o r c e  and e n s u r e s  that  Vy = 0, 
as  wel l  that  the longi tudina l  v e l o c i t i e s  of ions  and e l e c -  
t r o n s  a r e  equal ,  i . e . ,  the  a b se nc e  of a longi tudinal  
c u r r e n t .  If  we l e t  b denote  the channel  width, then the 
po ten t i a l  V(x) be tween  the e l e c t r o d e s  wi l l  be equal  to 

V (x) = b vl (x) Ho fz). 
C 

F o r  the c a s e  (1.5),  (2.1) 

V ( x )  = V , ,  2 ;1 / t  - - ; * ,  whe re  V,~ ~ 1/4bvmHoo 

t h e  m a x i m u m  value  of  the po ten t ia l  fo r  

xm -~ L ( V 2 - -  l) / ~f2 ~ 0 . 3 L .  

The p a t t e r n  of po ten t ia l  d i s t r i bu t i on  in the xy p lane  
fo r  c a s e s  c l o s e  to (1.5),  (2.1) h a s  the fo rm dep ic ted  
in F ig .  3. The nonmonotonic  dependence  o f  ~ on x for  
y > 0 i s  exp la ined  by the r ap id  d e c r e a s e  in ~ fo r  x 
-* L. It i s  p r a c t i c a l l y  f e a s i b l e  to make  s y s t e m s *  
which o p e r a t e  fo r  y < 0. 

If the  exchange p a r a m e t e r  [4] is  c a l c u l a t e d  f o r a  
given s y s t e m  i t  i s  equal  to 

L 
Io t " . ' dv 

O 0 

(2.12) 

in the  g e n e r a l  c a s e  (see 1 .10) .  
Here  f (x)  i s  the he igh t  of the  channel .  In the  p a r -  

t i c u l a r  c a s e  of  (1.5) and (2.1) 

I + 

Fig .  3 

F o r  the  c a s e  (1.5),  (2.1)  i t  i s  not d i f f icu l t  to see  
tha t  the magni tude  of the c u r r e n t  dens i t y  in the  c r o s s  
s ec t ion  y = 0 i s  equal  to 

v.~*.,e Ri0 v.~mc ( 2 . 1 0 )  
] = e ~ n l  = en lYm T , Rio  ~ ell|  " 

~ 72inDiC 
= T Ri0 ~ - ,  Rio ~ ell00 " (2.13) 

In o r d e r  to e n s u r e  the e s c a p e  of the p l a s m a  f rom 
the magne t i c  f ie ld  when t h e r e  is  no d i s s i p a t i o n  i t  i s  
e s s e n t i a l  to make  ~ >> 1 [4]. To d e t e r m i n e  the m i n i -  
m a l  value  of ~ fo r  th is  o r  that  c o n c r e t e  s y s t e m  by the -  
o r e t i c a l  m e a n s  is  not e a s y  and is  ou t s ide  the l i m i t s  of  
the p r e s e n t  p a p e r .  

If  some  a p r i o r i  va lue  ~0 is  taken, ,  f o r  e xamp le  ~0 = 
= 10, then for  a given d i s c h a r g e  r a t e  N we a u t o m a t i -  
c a l l y  have an e x p r e s s i o n  for  the d i s c h a r g e  c u r r e n t  

I o = ~oeN. 

* F o r  the  c oo rd ina t e  s y s t e m  and funct ions  (I .5) and 
(2.1) s e l e c t e d  h e r e .  
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If the  ve loc i t y  of flow and channel  width a r e  given 
at  the s a m e  t ime ,  then the f ie ld  s t r eng th  i s  found with 
the he lp  of (2.13) : 

~100 7;m~ m0 
2eb ~o " 

We sha l l  now c o n s i d e r  the ques t ion  of the s m a l l  p a -  
r a m e t e r s  in t e r m s  of  which the expans ion  (1.8) is  
c a r r i e d  out. 

The so lu t ion  (1.10) shows that  e v e r y w h e r e ,  with 
the excep t ion  of  the  ne ighborhood of the s i n g u l a r  point  
H = 0, the expans ion  m a y  be made  in t e r m s  of the 
quan t i t i e s  

eHo Z 
P.1 : y ~ c v l  ' ~t2 = T -  " 

Hence i t  i s  c l e a r  tha t  expans ion  (1.8) wi l l  be val id  
o v e r  the ma in  p a r t  of the  channel ,  i . e . ,  with the ex -  
cep t ion  of the  e n t r a n c e  v --* 0 and the exi t  H --* 0, only 
i f  #l << 1 and P2 << 1. However ,  f o r m u l a s  (2.12), (2.13) 
show tha t  ~1 ~ 1/~ and that  consequen t ly  we m a y  ex -  
pec t  a smoo th ly  v a r y i n g  so lu t ion  only fo r  ~ >> 1. In 
the  oppos i te  ca se ,  i . e . ,  for  ~ <~ 1, a b o x - t y p e  a c c e l -  
e r a t o r  wi l l  not, in a l l  p robab i l i t y ,  be able  to o p e r a t e  
without  d i s s ipa t i on ,  o r  e l s e  the  flow wi l l  be much de-  
f o r m e d .  In th is  connec t ion  i t  i s  n a t u r a l  to t ake  ~ >> 1 
as  the condi t ion  fo r  n o n d i s s i p a t i v e  e s c a p e  of the p l a s -  
ma  f r o m  the magne t i c  f ie ld .  The p a r a m e t e r  has  a na t -  
u r a l  connec t ion  with the  g e o m e t r y  of the magne t i c  
f ie ld ,  and the r e q u i r e m e n t  that  i t  be s m a l l  i s  quite 
obvious .  

In conc lus ion  we note that  the suppos i t ion  tha t  the 
s e l f - i n d u c e d  m a g n e t i c  f ie ld i s  sma l l ,  made  at  the 
s t a r t  of  the ca l cu l a t i ons ,  i s  va l id  if  

H02 
4~mn ~ vm2" 

F u r t h e r ,  i t  i s  i m p o r t a n t  to keep  in mind tha t  e x -  
p r e s s i o n  (2.11) d e s c r i b i n g  the po ten t ia l  d i s t r i b u t i o n  
does  not s a t i s fy  L a p l a c e ' s  equat ion  in the  g e n e r a l  c a s e  
[10]. Thus the a c c e l e r a t o r  fo r  which the ca l cu l a t i ons  
have  been  made  i s  b a s i c a l l y  a p l a s m a  a c c e l e r a t o r .  It 
is  e s s e n t i a l  for  i t s  n o r m a l  funct ioning that  the  Debye 
r a d i u s  should be c o n s i d e r a b l y  l e s s  than the d i m e n -  
s ions  of the  s y s t e m .  This  condi t ion  is ,  however ,  fu l -  
f i l l ed  at  s m a l l  d e n s i t i e s  ,< 101~ cm -3. 

F ina l ly ,  we note that  neg lec t ing  the t h e r m a l  p r e s -  
s u r e  and ohmic  r e s i s t a n c e  of the p l a s m a  amounts  to 
neg lec t ing  the t e r m s  ~ l / R m ,  1 /M 2, w h e r e  R m is  the  
m a g n e t i c  Reynolds  number ,  and M is  the  Mach num-  
b e r .  

In conc lus ion  the au thor  i s  g ra te fu l  to A. I.  Bugrov,  

L. E. Kal ikhman,  and L. S. So lov 'ev  for  d i s c u s s i n g  
the ques t ions  r a i s e d .  
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